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SUMMARY

The report is scparated into two parts. In the
 first part the theoretical basis for caleulating the
lateral motions of an airplane flymg through con-
tinuous random atmospheric turbulence s presented.
The lateral motions are derived in terms of (1) the
transfer functions relating the motion in the various
degrees of freedom to the yawing moment, rolling
moment, and side force, (2) the statistical forces and
moments at the center of gravity due to gust velocities
acting on the lifting surfaces of the airplane, and
(3) the power spectra of the three orthogonal com-
ponents of gust velocity acting on the airplanc along
the flight path. The method takes into account the
random variations of gust velocity across the span
and alony the fuselage. Solutions are given in the
form of equations relating the power spectra of the
angular motions of the airplane to the power spectra
of the gust velocities.

Three airplanes of different size are used to dem-
onxtrate the method, illustrate characteristic trends,
and echibit some simplifications possible in the
caleulations.  For these airplanes the effects of hori-
zontal gusts (that is, gusts parallel to the flight path)
and side forees due to gusts on the airplanes were
found to be negligible.

By using one of the example airplanes, a com-
parison 1s drawn between the present theory and
several less comprehensive theories for calewlating
the effect of qusts on wings of finite span and the
effect of gusts on the motions of the complete airplane.

In the second part of the report a relatively short
method of caleulating the laleral motions of an air-
plane due to random atmospheric turbulence is pre-
sented,  The gust velocities are represented as equir-

alent rigid-body rotations of the airplanes; namely,
rolling gusts, yawing gusts, and side gusts. Ran-
dom distributions of gust velocities across the span
are taken into account in defining the rolling and
yawing gusts. Complex stability derivatives are
used to account for the random distribution of side
qusts alony the fuselage and vertical tail and the lag
effect incurred as the airplane penetrates the gusts.
The suggested gust spectrum is based on a simple
analytical expression which fits available measure-
ments of atmospheric turbulence. A 45-step sample
caleulation procedure for obtaining the response of
the airplane in cach degree of freedom is presented
in tabular form.

INTRODUCTION

The classical theory of stability and control of
airplanes has been applied to the caleulation of
response 1o controls and response lo gusts. In
the calculation of response to gusts, however, the
angle-of-attack distributions which produced the
forcos and moments applied to the airplane by
the gust have customarily been assumed to be
equivalent to those resulting from a rigid-body
motion of the airplane.  This method was applied
in NACA Report 1 and other early reports (ref. 1)
in the study of the longitudinal response of air-
planes to gusts and in reference 2 to the calculation
of the lateral response lo gusts. Because of the
method of accounting for the effeet of the gusts,
these analyses were restricted to the consideration
of the effects of isolated gusts of some specified
shape. Most carly developments in the theory
of response to gusts were attempts to account for
factors which were important in the calculation of

1 Supersedes NACA Technical Note 3954 by John M, Eggleston, 1957, and NACA Technical Note 4196 by John . Fggleston and Williwm IT. Phillips, 1958,
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loads.  For example, the calculation of loads due vertical gusts across the span did not agree with

to vertical gusts was extended in reference 3 to
include the effects of unsteady lift and of flexi-
bility.

In the ecarly methods of caleulating  gust
response, the analysis did not include such factors
as the penetration effect (a result of the penetra-
tion of a given gust at different times by different
parts of the airplane) and the variation of gust
velocities along the fuselage and spanwise diree-
tions. In recent years, some attempts have been
made to include these effects without changing
the basic method of approach. In reference 4 an
approximate method was introduced for esti-
mating the penetration effect in the caleulution
of longitudinal response to gusts by taking into
account first-order effects of the time lag between
the penetration of the gust by the wing and by the
tail. The method used was similar to that intro-
duced in reference 5 for calculuting the effect of
lag of downwash. A similar application of this
concept to the calculation of lateral response to
gusts was presented in reference 6.

A more realistic treatment of random disturh-
ances in the atmosphere was made possible with
the introduction of a method of calculating the
statistical response of an airplane in terms of the
statistical properties of atmospheric gust veloe-
ities. This method, known as statistical dynam-
ics, was first applied in reference 7 to the measure-
ment of the longitudinal response of an airplane
to random vertical gusts and has since been used
extensively in longitudinal gust loads studies.

A theoretical analysis for the statistical Iateral
response of an airplane to gusts was given in rof-
erence 8 where, in order to approximate the
effects of the span, the turbulence was considered
to be represented by a combination of rolling
gusts and side gusts having arbitrary distributions
along the flight path. With this representation
of turbulence, however, the question arose as to
the relative magnitudes of the rolling and side
gusts which would satisfactorily represent atmos-
pherie turbulence.  In reference 8 the assumption
was made that an arbitrary gust distribution
across the span could be represented by a con-
stant antisymmetrie gradient which was assumed
to be equal to the gradients existing in the cor-
responding distribution of side gusts.  Experi-
mental flight measurements of reference 9 indi-
cated, however, that the measured gradients of

the theoretical caleulations of reference 8, and the
assumption of nonisotropic atmospheric turbu-
lence was employed in order to fit the theory to
the flight-test results.

A more realistic method of utilizing statistical
dynamics to tuke into account random gusts both
along the flight path and across the Span was re-
ported in reference 10 in outlining a means of cal-
culating the longitudinal response of an airplane.
The analysis was consistent with isotropic turbu-
lenee and required only the statistical gust dis-
tributions measured at one point in the turbulence,

Therefore, with the advent of statistical dy-
namics and more realistic means of analyzing the
random distributions over the airplane as well as
along the flight path, the original methods of
treating gusts no longer appear to he justified.
While it would be desirable to continue to treat
the effects of gusts as equivalent to certain rigid-
body motions of the airplane, such treatment must
be modified in order to be consistent with statis-
tical gust inputs. The forces and moments on
the airplane rather than the resulting motions are
statistically reluted to the gust input; that is, a
random distribution of gusts across the span and
along the fuselage of an airplane will produce
changes in forces and moments which are related
to the gust velocities along the flight path only in
a statistical manner. The purpose of part I of
this Teport is to establish the statistical relations
between gust velocities and the forces and mo-
ments affecting the Interal motions of the airplane
and to use these forces and moments to compute
the lateral motion.

In preparation for the caleulations of part T,
two preceding papers have been published. One
of these papers (ref. 11) contains a method for
calculating the side force and yawing moment on
the fuselage and tail of an airplane in continuous
gusts. The other (ref. 12) presents the luteral
forces and moments on a wing due to three-
dimensional random turbulence for a number of
wing load distributions and for wings of various
spans. This work (ref. 12) is an extension of the
theory given in reference 10 for defining the lift
on a wing duc to random turbulence.

Part T presents a method of utilizing the sta-
tistical forces and moments derived in references
11 and 12 for the calculation of the lateral motion
of an airplane in any lateral degree of frecdom due
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to atmospheric turbulence. First, the governing
cquations are derived and the power spectral
solutions of the motions are given in terms of
linear airplane transfer functions, statistical force
and moment coefficients, and power spectra of
the three orthogonal components of atmospheric
gust velocity. General expressions are given or
referenced for cach of these independent functions.
Next, solutions for three airplanes are shown with
trends and possible simplifications noted. Finally,
a comparison is made between the results of the
present theory and those of earlier theories, both
by comparing the gustl distributions required to
produce equivalent airplane motion and by com-
paring the airplane motions for the same assumed
gust characteristics,

In part TI, it is shown that the more conven-
tional method of assuming gust-velocity distribu-
tions equivalent to rigid-body motions of the air-
plane may be refined to provide results equivalent
to those given by the method of part I. The
refinements consist in replacing some of the
constant acrodynamic stability derivatives with
complex quantilies to account for the gust penetra-
tion cffects and determining the correet relations
between the spectra of rolling, yawing, and side
gusts to yield results in agreement with the more
exact analysis. The method of part 1T requires
somewhat simpler calculations than the method
of part T and provides a clearer physical picture
of the relations between the various sources of
Iateral gust disturbances.

The reader who 1s not interested in the detailed
development of the theory may go direetly to the
second part of the report, which affords a short
method valid for most aireraft. A brief review
of the background material and a detailed ex-
planation of the method are given therein in a
self-contained form.

SYMBOLS

LA conslant used in references 6, 8, and
9 to indicate relative amplitudes
of power speetra

b wing span
C.P. CTOSS POWeET

. . b d
D nondimensional operator, i:(%
I2(w,) plot of &¢, of reference 12

a Fourier transform of a quantity

S
G

Y]

L,

'!73—‘\“—1

Kx

Kz

SRR RIS

~~

LT

u

?/‘

W
X7, Z

T2

(YD. o

arbitrary funection of time

matrix containing stability deriva-
tives relating airplane moments
and forees to gust velocities

alternate form of @ containing fre-
quency-dependent stability deriv-
atives

pressure altitude

height of center of pressure of vertical
tail above X-axis

imaginary part of complex quantity

arbitrary constant

nondimensional radius of gyration
about Y-axis, f

nondimensional radius of gyration
about Z-axis, %

ks

nondimenstonal product of incrtia, B2

radil of gyration

product of gyration

integral scale of turbulence

tail length measured from eenter of
gravily 1o center of pressure of
vertical tail

arbitrary terms which may take on
values 1, 2, 3

rolling velocity, ¢

. 1 ;.
dynamie pressure, 5 pl?

real part of complex quantity

yawing velocity, ¢

wing area

profile height (see eq. (44))

time interval over which power spee-
trum is evaluated (eq. (83))

time

relative velocity between airplane
and general air mass

velocity along V-axis

veloeity ulong Y-axis

weight of airplane

velocity along Z-uxis

three orthogonal axes of airplane
(see fig. 1)

coordinates with reference to X-, 1=, °
and Z-axis

coefficient of drag at zero Iift
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Cr lift coefficient, Lift
gS
o rolling-moment cocflicient,
Rolling moment
gSb
C, yawing-monient coefficient,
Y awing moment
gSbh
Cy side-foree coefficient, %‘

angle of attack
trim (steady state) angle of attack
angle of sideslip

effective dihedral angle
flight-path angle
matrix of airplane
molion in still air
angle of piteh .
270

bR =Wy R
l
=
=

equations  of

A wavelength, ~
. . Mass
I3 relative density factor, S0
p density of atmosphere
o sidewash angle
@, power spectral density of a funetion f
Py, 1, cross-power speectral density of func-
tions f; and f,
¢ angle of roll
" angle of yaw

circular frequency
reduced frequency, wb/U
n natural reduced frequency
| absolute value of a quantity (deter-
minant of a matrix)
[1 reclangular matrix
{} column matrix
[] row matrix

Stubility derivatives of airplane are indicated
by subscript notation; for example,

200, 30, a0y
rb ]

Ch,=———1_ " Cyy=
! b ph° A r
a(z[f) oA5r7) a(()

Subscripts:

r fuselage

FT fuselage and vertieal tail

7 vertical tail

W wing

g gust

7, k, m generalized matrix subscripts
0 gencral air mass
Supcrseript:

* conjugale of a complex number

Bar over a quantity denotes mean value.
Dot over a quantity denotes derivative with
respect Lo time.

I. A THEORY FOR THE LATERAL RESPONSE OF AIRPLANES TO ATMOSPHERIC
TURBULENCE

LATERAL EQUATIONS OF MOTION
SYSTEMS OF AXES AND DESCRIPTION OF TURBULENCE

The motions of an airplane flying through con-
tinuous atmospheric turbulence are defined as
angular displacements, rates, or accelerations
about a set of stability axes (with respect to the
general air mass, the X stability axis is always
alined with the projection of the resultant mean
velocity on the plane of symmetry) whose origin
is fixed at the center of gravity. These stability
axes have some mean orientation with respect to
the body axes of the airplane denoted by the angle
ap in the XZ-plane. The general orientation of
the stubility axes of the airplane with respect lo
" the gust velocities and with respect to the body
and earth axes is shown in figure 1.

At each position along the flight path of the air-

plune the instantancous velocities of the local air
mass, hereinafter designated as gusts, are instan-
tancously defined by three orthogonal components
of veloeity alined with the stability axes of the
airplane at that position. The gusts are assumed
to be essentially isotropic in nature, and their
statistical charaeteristics remain unchanged re-
gardless of the motion or orientation of the air-
plane. This assumption is implicit throughout
this paper.

TFurthermore, the assumption is made that,
during the small interval of time in which cach
gust acts on the airplane, the gust velocity does
not change appreciably.  On this basis the three
components of gust velocity—alined with, but
of opposite sign to, displacements along the
stability axes of the airplane—are functions only
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(a) Turbulence strueture and mean orientation of stability axes of airplane.

Ticrre 1.— Sign convention and stability axes of airplane flying through atmospherie turbulence.

Vstobitity Py b

— \
/ !
Xbady — \v
2 5
< "‘ Z, stobility
Xstaviity eorth
(b)

Xeorth

(b) Instantaneous orientution of stubility axes of airplane
with respect to earth and body axes. Poxitive sense of
veloeities and angles is indicated by arrows.

Frcure 1. ---Concluded.

of their space position along the flight path.
With reference to the center of gravity of the
airplane, these gusts are denoted by

=, (1,Y,2)
re=0,(2,9,2)
W= wg(f’yyz)

The orientation of the gust axes is shown in
figure 1(n).

The assumption of isotropy further relates these
velocities only to the extent of

where the bar denotes the mean value.
SYSTEM OF EQUATIONS

The lateral equations of motion of an airplane
defined in the stability system ol axes are generally
well known. Based on these equations of motion,
the [requency response of an airplane in itls three
lateral degrees of freedom is defined by the
matrix

(6] [E@ 2@ F@] () )

4
Cu

Jua b Lo 17 ()
5
.,

B ¥
L (w) (@) (Ty(w) L( r(w)J

Blw)
\. J

In equation (1) the ratios ¢/(%, ¢/Cy, and so
forth, are complex transfer functions of the air-
plane and relate the response of the airplane in &,
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¥, and B to a sinusoidal rolling moment, yawing
moment, or side force of unit amplitude, These
moments and side force are functions of the gust
velocities teferenced to a point (the center of
gravity of the airplane). The necessary phase
relations between these forces and moments and
the gust wveloeities at the center of gravity are
tuken into account by expressing ), C,, and Oy as
complex quantities. In terms of the gust veloce-
ities at the center of gravity, the lateral-force and
moment coefficients may be expressed as follows:

- 3 — ‘ - r N
cw] [L@ Cw folfuw
{00 = T@ T PO re

€y
ug

Oy . Oy
k(’y(w)d (w) ZT!(w) aj—g(w)J \w,,(w)d

In equation (2) the elements of the rectangular
matrix are transfer functions relating the forces
and moments to the sinusoidal components of gust
velocities of unit amplitude measured at the center
of gravity. Inasmuch as some of these forces and
moments arise as a result of gust velocities dis-
tributed over the airplane, which are, in turn,
related to the gust components at the center of
gravity only in a statistical sense, these transfer
functions arc likewise statistical in nature and are
later expressed in the form of power spectra.

With the foregoing restrictions the complete
relationship between the frequency response of
the airplane in the three lateral motions and the
gust velocities 1s given by the matrix equation

(o) T2 2 2T 8 G w)
Plw) C, .0 by Ug(w)
¥y ¥ v |GGG,

*lp(w) f—« ?_l C, Cy Uy Vg W 3 lg(w) g
8 8 Bllvev o
\B(w)a L O ('YJ_.”B E Wy ] kwg(w))

(3)

Thus, the moments due to the gusts and those
due to the resulting motions are superposed.
The equations of motion of the amrplunc are

assumed to be lincar within the range of this
resulting motion.

POWER SPECTRAL RESPONSE

Inasmuch as turbulence in the atmosphere
appears to be random, the statistical response of
an airplane may, in general, be predicted in terms
of the power speetral densities and mean-square
values of the gusts in the atmosphere.  An excel-
lent summary of this field of dynamies is presented
in reference 13.  From the relationship (eq. (3))
between the gust velocities and the motions of
the airplane in the frequency domain, the relation-
ship between these quantities in terms of power
spectra and cross-power spectra may be readily
defined.

A quantity (herein denoted, in general, by the
symbol f(f)) which has a random variation with
time in the range — 7'<¢ < T and is zero clsewhere
is related to its Fourier transform F(w) by

T
F(w):—l~J f(De—terdt (4)
T -7
where, in turn,

f(t):;T f _m Flw)et*'de (5)

The power spectral density of the quantity is
defined (sce, for example, ch. 6 of ref. 14 or
appendix of ref. 9) by

B ()= 1im 7 F*(@)F(e)

=lim 7 |F@F ©

T

where asterisks are used to denote the complex
. . | B
conjugate of a quantity and the term 7;111(11«;1(05

that the speetra are symmetrical and only posi-
tive values of w are considered when taking the
average value.

When two related quantities are measured con-
currently (for example, when the yawing and
rolling moments due to each gust component are
measured at the same values of time), a cross-
power spectral density exists between these two
quantities.  Where the frequency content of these
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two quantities is defined by

F@=1 [T e
) 1
(M)
I (T :
R [ nnea
TJ-71
the cross-power spectral density is defined by
®, = lim 71 Fi*w) Falw)
Y Tow
or
®r=lim o 4 ) ()
T
=(®rn)* (8)

The significance of this cross power lies in the
fact that, if the quantities are related, a certain
interchange of energy takes place between them
and the amount of this interchange is defined by
the eross-power spectrum,

7

In the special ease where F; and F, are the same
function and are removed in time or space (that
is, f1(t) =£x(1)), equations (6) and (8) are identical
and the cross power of f with itself is, in fact, the
power spectrum.

These definitions may be found in most texts
and in a number of papers on power spectral
analysis, among them references 9, 13, and 14,
On the basis of the preceding discussion, it may be
shown that if cach complex equation of the system
defined by equation (3) is multiplied by its conju-
gate equation, divided through by the quantity 7,
and the limit as 7-5> o taken on both sides of each
cquation, then the system of cquations, by defi-
nition, is in the power spectral form. The powcer
spectra and cross-power spectra of the variables
may be recognized and so denoted, the speetra and
cross spectra of the gust velocities being unknown
variables.  An example of this operation is shown
in appendix A.

By using this or any other suitable method of
power speetral analysis, the system of equation (1)

may be defined in terms of power and cross-power speetral densities such that

) [ o2 ¢ 12 é |17 b
®s Fr‘ﬁ,l 7! ﬁ:f [+
Py = ((—l{:r }% ’ i%\u J ®c, ++2R
B 12 B 2 J |2
B)oUal el e

where 2R means twice the real part of the product
of the two matrices.

On the right-hand side of equation (9), the prod-
uct of the first two matrices is the contribution of
the power spectra of the forces and moments,
and the product of the second two matrices is the
contribution of the cross-power spectra between
the moments and forces produced by any one gust
component and also the eross powers between the
forces and moments produced by any two gust
components.  The powers and cross powers of
the forces and moments may, in turn, be related
to the powers and cross powers of the gust veloe-
tties. In so doing, a great simplification is ob-
tained when atmospheric turbulence is considered
Lo be isotropic within the frequeney range aflecting

349093 -61—2

(2,

(
(

Ve @V E @) E] e
NN G N N1 L
(6,)*f‘£ (g)*(% (z’,:j)*rﬂl J \rbo,,mj

the response of the airplane.

By virtue of the assumption of isotropic homo-
gencous turbulence, the phasing between  the
uy and w, components and the v, and w, com-
ponents is unrelated and the cross power of the
components is zero.  The phasing between the
two gust components lying in the XT-plane
of the airplane, that is, u, and v, is unrelated
when these velocities are measured at a given
spanwise station (for example, aulong the air-
plance center line) but is related when u, at one
spanwise station is compared with #, at another
spanwise station. However, the cffects of the
cross power between these two components are
assumed to be insignificant, and justification for
this assumption is made in a subscquent section.
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Thus, given by the matrix

‘bugrg(w):q)rgwg(w):(I)u'gug(w):() (]0) " P 1 5 Q‘)*(Y,,
€1 (ug_ Uy

By the method of multiplying by the conjugate
and taking the limits, the matrix relationship of 4 L 1/CNCr (CNCy Ny
(I’C"C)- AT AT . ) ) 1 (brg }

equation (2) is defined in the form of power ) wy Ny g \We/ Wy
spectra by , . )
P o Cy ", 'y ', Cy *C
ever | (%) u (o) e V) d LPe
- - )2 Tart s 327 - / et 4 (4 £ £ & g~ A/
®,. =1 —* ] &, (12)
/ Uy v Wy ¥
(g g2 o1 A proof of the relutionships of equations (11) and
w I “T" 1_1_1 u—‘" ﬁ ®,, (12) is given in appendix B.
[ 4 4 £
CORRELATION BETWEEN AIRPLANE COMPONENTS
12 | 2 12 .
P, L ’ﬁ v Lq,w Generally, a foree or moment acting on or about
v i . s . . «
L L[ Y s Wyl - the center of gravity of the aivplane is due to the

(1) penetration of the gust by cach component of the

airplane, and the correlation or phasing between

Likewise by cross-multiplying the equations in  the development of these forces and moments must
the matrix of equation (2) to conform with the  be included. Complete generalization to all pos-
definition of a cross-power spectrum, the cross gible combinations of components would lead to
spectra between the forces and moments are  lengthy and unncecessary expansions; however, all

lifting surfaces which might reasonably be expected 1o contribute significantly to the lateral
motion of the airplane as well as the components of the gust velocity that will significantly influence
the forces and moments on these lifting surfuces are incorporated.  For some unusual configuration
where other lifting surfaces are thought to be important, the method of ineluding these factors is
clearly indieated,

The force and moment coefficients which include only those functions deemed pertinent to the Iateral
motion of the airplane are defined by

Cl(ug;rg:wg) = (C’l)W( "g:z‘ngg) +() (1)
Cu (ugy['gy'wg) — (n7a>lf'(llgyu"‘g) 4: ((vn)lv'T('l'g) (1 '3)
CY( "gyrgrwg) = ((YY)FT(rg)

In terms of the complex force and moment derivatives, the foree and moment matrix is thus

defined by
r [ (-7 ,(a, (Y N T
Y ) _l) (J) o
(D Ug/w Uy /w ‘wg) w

, PR
C)r 0 ((—yl) 0 ",
v/
A (F ) (C'! :
3w 5 P ) N R (1)
(pIL)P‘T 0 &) 0 ’lL"g
e S¥T \ J

(&
(CYrer i 0 —‘) 0
| o FT

Uy

-]
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By the same method as was applied to equation (2) to obtain equations (11) and (12) (multiplying by
the conjugate and taking the limits), the power speetra and cross-power spectra of the force and mo-
ment relationships of equation (14) are immediately definable as

The complete power-speciral-density relation-
ships including the lateral moments and forces
due to the various lifting surfaces of the airplane
are similar to those given in equation (9) with the
quantities defined in equations (15) and (16) in-
serted.  When the left-hand side of equation (15)
is denoted by {@c;} and the left-hand side of
equation (16), by {®cjci} s, the complete re-

- 3 FQ z "ﬁ z Q‘Q T
Uglw g lwr Wylw
Py Vort: . ~
0o |- 0 P,
Py (feir
(V 2 (“/’ 2
4 (G w e Ul 0 Wy |w { qD“k } (15)
(3] 2 -
(Cr)pr 0 % 0 », .
8 IFT f
(I)(_C)'h«"r (12 ) ’
0 |- 0
\. J L U lFr .
— (‘1[ * (‘71
(Pcywicrr ) 0 (\?;)w (}?;),, 0 ]
P Clw (Y’>* ,(1") ((V’ * <C'l\
( l) W( )" < "g, W (\ Ug W O ‘u)g,)u' \u‘ﬂ l)u'
Py (Cer 0 (Q)* (Q) 0
Ce/w \ g/ Fr
& S (&,
(C)w(Cy)rr 0 ((_z>* (F,) 0 ,
Pe/w \ Uy /¥
enricaw 0 0 0
< \ — < (b[‘g e (16)
(I](CZ)T(Cn)F’I‘ 0 Q)’k (i(wu> 0
pg T Pg FT
® : . ¢
(C)r{Cyrr 0 (Q)* ((;) 0 \ T, )
I‘g T Pg Fr
Py w(Carr 0 0 0
q)(Cu)W(CY)FT 0 0 0
CN* Oy
L(ﬁ(Cy.)rT(Cr)rrd 0 <T> (—)> 0
L g /Fr \ Vg JFT -

lationship is defined by

(@)=

¢, ° ¢ é:\* ¢,

o, et IR|(g)) ¢ JiPesdi
where ¢, is ¢, ¢. is ¥, and so forth, The complex
force and moment derivatives contained in equa-
tion (14) were derived in such a manner that the
phase relationships between the moments and the

gust disturbances are given with reference to
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gusts acting at the center of gravity. TFor this

the transfer funetions (—i‘; are those given
in equation (1). As an i]lustmtxon, the total re-
sponse of the airplane in roll is obtained in the
following form:

reason,

2
(I)d’:

q)\'('x')m'

2 |
2 pyt B HiE

¢
tie,

¢ * ¢
. +2R[(Fl) (%(ptﬂl)w(c'l)T_*—(%) (’ynq)(('l)w(c,,)w
d\* ¢ o \* ¢
+<('l> Fn(ptfl)py((‘”)pr_{_(F‘) (Tr(r’(C[)w({‘y)pr

d\* ¢ d\* ¢
+(Z,T,) Fn‘bm,)w(’nin'{‘(’(];) (T},‘I’(Cvrfc‘x')m
+2) La 3 zeto ter 17
./ Cy Cnrrcyrr-E3 Zeto terms | (17)

2

{ Cr'w + q’“‘nﬁ'r}

4|8 00" |18 OF | 8200
(71’ or Uy 'w p al‘g'T I'x 'FT
4 b(’,,)* ) ( I: ol
al‘g FT O(g T Ou al’g
D(V, b("’, o7y
+|:< alg)nz alg FT Dl‘g al'
B 621002 } map""
’u [ ‘bu'g‘w+ (‘,,l lawglw

)@ E
rar[(C0Y (20) (2] ¢
ow, Sy \.Owy, Sy (‘l i

Other degrees of freedom may be obtained di-
rectly by replacing ¢ with the appropriate symbol,
such as ¢ or 8.

By substituting in equation (17) the expressions
for the power and cross-power terms of the foree
and moments from equations (15) and (16), the
motion is defined in terms of the gust velocities:

_|ef 1o ¢
(1345——,1—[; (I)ug-l'_il; ¢ng+}w;| (b”,g (]8)
where
¢1 60 ¢
C |bug w aug w
o, o, ¢
+2R [(m) (o2 <a & o
21002 DP o
2 LoR ! ’)
,; [ O, I-T+ {\01‘ W alg

KR COXCSM COX:
>W a“g)ﬁ'r+ al,’g T alg FT. ( (Y

o (0)

(21)

Thus, the response of the airplane in any degree of freedom depends on the power spectra of the
three gust components, the cight complex cocflicients of equation (14) which relate the gust velocities
to the forees and moments, and, for each degree of {reedom, the three complex transfer functions relating

the motion to a sinusoidal rolling moment, yawing moment, and side force of unit amplitude.

These

coeflicients, transfer funetions, and power spectra are defined in subsequent sections of this paper.

TRANSFER FUNCTIONS

The lateral equations of motion usually accepted for the rigid dynamies of an airframe for which
noncoupling with the longitudinal mode and all assamptions associated with small perturbations about

a'trim condition are valid are given by the matrix

]
[Al< ¥ >=

(Yn (ug; ?'g, u"g)

Oy (g, g, wy)

8 \ Cy ('ugs Ty, ’wg)
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W'h(‘l'(‘
[ 2uK* D3 C,) D — %K, D~ (1) —c, ]
[A]— _z,J(XZD?—;- ., D 2u K2 DQ—% D —Chg (23)
I _% Cy,D—(y (Q,u—% (’YT> D—(y tan v 2uD—Cy, j

The solution, in terms of the rolling moment, yawing moment, and side force may be found by methods
of operational ealeulus.  One method is used by Mokrzyeki in reference 15 where, except for the sign of
Kxz, the identical equations of motion are used but with moments from acrodynamic-control surfaces as
forcing functions. Another means of solution is through matrix algebra where the solution as given by
equation (1) 1is of the form

d) 3 (y[
¢} =[A]"' < ¢, (24)
B ('y
where
—1__Adjoint [A"] -
1_aY v i ] h
[A]7'= ] (25)

The prime denotes the transpose of the matrix A, Such a method s found in reference 16 and other
texts on matrix algebra. The solution by cither method gives the complex transfer functions with
real constant cocfficients of the powers of D. With the common denominator denoted by |a|
(equivalent to DA of ref. 15), the transfer functions are given by

g 27 2 ] Y Y 1 Y 1
%:[4#2K22D3—}L(2K2"(yﬂ"‘nnr)])'—i—(é (,nr(_vyﬂ—{—gﬂ(;"ﬁ—i (‘nﬂ(,"yr> ])”*(YnﬂCL tan ‘Y] g—:jl‘ (26)
51/ 2F ; Y e 2 1 A 1 Y]
a:[‘lM'RXZDQ‘f*ﬂ(CnD_QAinyﬁ)D +§ ((, nﬂan_(-yYﬂOnp)D—*_ Obnnﬂ] ITI (2’)
1 - oy -
(—el: {/J, [—2 KXZ (2}1—‘2* (-vyr)‘l—RZ?( Yp] D’z—l:_‘QlJ.(VL<K\/ tan ’Y+[X22)

1 Y 1 1 ¥ 2 O 1 a9Q
3 0 (g O by 0 | P4 (0, tan 7—0,,,)0} a8

By ¥ > 2 1 1 1
o R e A Gs b= 2Ky ) D'—( C, O 200, Cr,C,,) D€, Gy tan'y & (29)
o, 1 1 : _
%:[4#2111\.203_“ (€, +2KC, D1 (€, 0y~ €0, D (‘,50{' a (30)
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. 1, . e
g_z {p, [[{YZ(’}-"—ZI{\-Q <2u-—% 0)-,>]1)"—}—<4 C,Cy, 2uK Ot ple,

——;11 (,’,p(”,rf—k?p[\’_\;?(l tan 'y) N4

(’1,

., —(, tn-y)])}IAI 31

AT > 2 1 Y Y . 1 5
Z%:[Q#(I\A-( lﬁ‘{_ [\ .\'Z(-qu)p. +2 (( I,Cnﬁ— n}zrclg>[)] m (32)

U Ty o o e o]
?-,’;:[_)’.L(IX'\-“(A'"S—}“ K.\'z(wzd)n +2’ (nzﬂp

B
[

nﬁnl )D]

1 . 1
{4[.1. (K TIX/ —I\\/ )D’—'H l[\\zp -* I\\Z (F{ —i—(n, ) t I O(le'l D1+4 ((wlp(j"r——ctr(y"p)nh}m (34)

(33)

A= 8 (R KA— KA D —2* [Kx? (2K Crgt-C + K20, +Kxy (O 4 Cry—2KxaCvg)| D
i 8 T E: v <

> o 1
tu [Kzﬂm-ﬁm,,f Oy o)+ R (CryCn 40— Cr, o)+ (Co o= €, 1)

+ Kz (px'ﬁﬂl,+ px'ﬁﬂnl,+ 4F~pts_ Cl‘,plg_ (Vl'ppr:,s)] ¥+ { —2u(7, [ ten y ([{YQpng+ I\y.\'z(vlﬁ)

> 9 ¢ 1
-+ [\Z-F,‘ﬂt IX.\'Z(YHB]—*—X {(vyﬁ(a

‘p

—!_“ (plﬁ(‘

e}

Tn addition to the angular displnoommt transfer
functions given here, the response in terms of the
derivatives of the angular displacements may be
obtained by multiplying both sides of equations
(26) to (34) by the operator . For example,

y Uy U, 2 .
-(Tyz_b_ Ty;: B [3#(Iﬁ.v2(wn5+z\xz (Ttﬂ>773

1 2] ] .
(O, Cy YD g 60

For the frequency rtesponse of these transfer
functions, the operator

D=Zb-[—l b — Tw="Tw’ 37)

where o is the reduced frequency in terms of
radians per span length.  Thus, the transfer fune-
tions relating the dynamies of the airframe to the
lateral forces and moments are obtained from the
inertinl characteristies and stability derivatives of
the airframe under steady flow conditions (that is,
nonturbulent flow conditions).

p’r_ ('Ylp(an) —]L Clﬁ(prl,nl'l,— 0)'rp

) + n"r.i (p)'rn‘p_p"p(v’r)]

T P

‘ln Y (pnﬂpl plﬁpnn) +p15pnr—p

WO D (35)

COMPLEX MOMENT AND FORCE COEFFICIENTS

The moment and force coefficients which relate
the rolling moment, yawing moment, and side
force to a sinusoidal gust velocity of unit maximum
amplitude acting in planes of (but of Oppomtu
sign to) the reference axes of the airplane are, in
gonoml frequency-dependent, and only their
statistical average pr opertics are definable.  Their
derivation is based on generalized harmonic
analysis and basic acrodynamic theory. Where
the derivation is lengthy, only the results of
referenced papers are given or indicated. Fur-
thermore, only those eight coeflicients necessary
to equation (14) are defined. Al othiers are
considered as having small or negligible influence
on the results.

Rolling moments.—Four contributions to the
rolling moment on the airplane are considered.
They are the rolling moment of the wing due to
all three components of gust velocity and the
rolling moment due to the side gust acting on the
vertical tail.

Tn reference 12 are derived the power spectral
densities of the rolling moments of a wing in
isotropic turbulence due to horizontal, vertical,
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and side gusts (that is, the three components of
gusts considered herein). The theory considers
random turbulence across the span as well as
along the flight path, and the results are given for
several span-loading distributions and fon a range
of values of the ratio of span length to the integral
scale of atmospheric tmbulcnce. The power
speetra of rolling moment given in reference 12
are not repeated herein but are simply related to
the notation of this paper:

2
’%b P, (w)=dc, (due to horizontal gusts, vef. 12)
w
' (38)
&1k

Py (w)=d¢, (due to vertical gusts, ref. 12)

Ul
(39)

For the side gust #,, the random variation along
the flight path was assumed to be uniform across
the span, an assumption that is particularly valid
for airplanes having wing loudmg due to sideslip
concentrated over a small region of the span near
the plane of symmetry. Such an assumption is
likewise made herein, so that

(f’)zg (Cig)er (40)

is assumed to be independent of fr equencey.
The vertical-tail contribution to the rolling
moment is defined by

o0 s o
(C)rlw)=(~ )) Br qAbS‘ i/

= () 5y (1422 ) rrewm

and, hence,
+%§>] e—i(llw/U) (41)

(), 0- [

Thus, the rolling moment due to side gusts may
be duvctl) 11011111((\(1 from the I\nown charac-
teristics of the airframe in still air, and the rolling
moment due to horizontal and vertical gusts may
be obtained in power spectral form from the plots
of referenee 12, The fact that the real and
Imaginary parts may not be ascertained for the
rolling moment due to u, and w, componenis is
shown to be irrelevant; that is, the real and imagi-

nary parts, as such, are not necessary to the cal-
culation of the cross-power terms involved in
calculating the response of the airplanc.

Yawing moments.—The yawing moments due
to the u, and w, components of the gust are
primarily due to the unsymmetrical distribution
of these gust velocities across the span of the wing.
Since this unsymmetrical distribution is  the
same characteristic of turbulence that produces
the rolling moment on the wing, the yawing
moment may be fairly accurately related to (he
rolling moment through acrodynamic relations.
As given in reference 12, the expressions for the
yawing moment of the wing due to small
horizontal- and vertical-gust disturbances are

(heo() (D e
(ho=(r) (D0 w

where Cu,, O » and so forth, are stability deriva-

tives of l]w wing only at the trim (mean) angle
of attack of the airplane and, as such, are not
functions of frequency. Any yawing moments
of the wing due to side gusts are neglected.

The yawing moment of the fuselage and vertical
fin of an airplane due to pon(\tlution into side
gusts v, has been derived in reference 11 by
using a simple profile shape to define the lift
distribution over the fusclage and vertical tail
due to sinusoidal side-gust components. As
given in reference 11,

21'(,%

<zg)”( )= bSL &

(rp—ay) (51— )" .
+ (E:kj)q [(2‘2 Ll—‘IQ

-— l'/l”lkg‘i— ikgz)f—{kz_ (A"l_‘ i2)e‘”l] }
(44)

[(2hko— ihy?+72) e — 2]

where 2y, 11, 22, 5, and s, are geometric dimensions
of the profile shape (see sketeh in appendix C
of the present report) and frequency appears in
the form

wr'y,

by zﬁ

(n=0,1,2)
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For any given flight condition for which the
exact value of Cpgis known, it is recommended in
reference 11 that small adjustments in the profile
shape be made so that at zero frequency the fre-

C
quencey dependent parameter <f1 %’) (w==0) reducces
g/ FT

. - |
to the statie stability derivative U Cugr

Side force.- -The side force on an airplane in
gusts is considered to be primarily due to the
effect of side gusts on the fuselage and vertical
fin (the profile shape) of the airplane. By using
a simple profile shape and slender-body theory to
define the lift distribution over the fusclage and
vertical tail due to sinusoidal side gusts, the side
force per unit side gust as derived in reference 11 is

Cy —.._"zl ,2'\‘"2 —(1—7k iky
<z-g‘)pr(“’)_SU{ o 1= 0—ke ]

+<Z::;’]>2 [e‘”"l—(lfz'k1+7'/c2)e‘“"-’]} (45)

where the notation is defined in the preceding
section. Again it is recommended that small ad-
justments be made in the representative profile
shape so that at zcro frequency the frequency

Cy
dependent parameter (2—> reduces to the sta-
g/ FT

bility derivative % Cy; which is known from flight

or wind-tunnel tests for the desired flight

conditions.

POWER SPECTRA OF GUST VELOCITY

As discussed in reference 17, the relationship
(correlation) between gust velocities measured at
two points in isotropic turbulence may be com-
pletely defined in terms of their lateral and longi-
tudinal components (components measured per-
pendicular and parallel, respectively, to the veetor
distance between two points). As treated herein,
the airplane senses only the Tateral components of
the r, and w, gusts and both the lateral end longi-
tudinal components of the u, gusts. (See preced-
ing section and ref. 12.)

Both theoretical methods (ref. 17) and flight
measurements (ref. 18) have shown that the fol-
lowing expression approximates the spectrum of

lateral components of turbulence in the atmos-
phere over the frequency range affecting the
dynamie response of an airplane:

L 1430¢")

=0 Ty )7
Its horizontal counterpart has the spectrum

L 2
U 1+ (k')
, wL . .

where & =T and L is the integral scale of turbu-
lence. The value 27 may be considered an ap-
proximate measure of the average eddy size in the
turbulence. The data of reference 18 further in-
dieate that L is on the order of 1,000 to 2,000
feet, and probably closer to 1,000 feet.

The foregoing expressions, having asymptotic
logarithmic slopes of —2 for values of k'—e,
were first suggested in reference 19 on the basis
of wind-tunnel data and have since become gen-
erally accepted as reasonable expressions for de-
fining the power spectra of lateral and longitudinal
components of isotropic turbulence. Therefore,
these expressions normalized by the mean-square
values are used herein as the basis for caleulations
involving the components of atmospherie gusts
as sensed at the center of gravity (point spectra):

q):: (I)u" J 1 . it
Bog Do L 113G) (46)
e wg w1+ )]
¢, L 2
== 47
vl CHGET (40
where
u32: = e
, ol
k= T
L =1,000 feet
Tn the caleulations of reference 12, which

involved the gusts sensed by a wing having finite
span, equations (46) and (47) were likewise usedd
so that the data of reference 12 and this paper
are in accord as {o the spectra of gusts, Iowever,
equation (47), as such, is not used dircetly in this
paper and for this reason only equation (46) 1s
plotted herein.  The variation of equation (46)
with %’ is shown in figure 2.
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Ficure 2.—Power spectral density of u, v, and w com-
ponents of homogeneous isotropice turbulence as sensed
at single point in turbulence.

APPLICATION OF METHOD
LATERAL RESPONSE OF THREE AIRPLANES

The equations which define the power spectral
response of an airplane to atmospheric turbulence
(egs. (18) to (21)) have been applied to three
airplanes of varying size and wing span. The
flight conditions and stability derivatives of the
cmmplo airplanes are given in table I, and some
physical dimensions necessary to the caleulation
of frequency-dependent foree and moment cocffi-
cients are given in table II. Some of these
physical dimensions require reference 11 for their
precise definition (s, 8, o, 71, and ).

By using the data presented in table I, the
transfer functions of equations (26) to (35) were
caleulated.  For discretely chosen values of re-
duced frequency «’, the in-phase and out-of-phase
(real and imaginary parts of the transfer function)
components were evaluated with a relay computer.
Care was taken to choose as one point the natural
fr equency of the Duteh roll mode.

By using the data of table II the complex
moment and force coefficients (egs. (38) to (45))
were evaluated at the same values of frequency
as were used for evaluating the transfer funetions.

The relationship
, wb

w=ﬁ

was used lo relate circular flcquency in radians
per second to reduced frequency in radians per
span. The evaluation of certain of these coeffi-
cients requires further explanation.

540093--61——3

The variations 0f< ) (cq. (44)) nnd( )

(eq. (45)) with frequency are plotted in the
figures of reference 11 for the example airplanes
of this paper with one adjustment:

ﬂ"
(', per unit side gust (ref. 11)=U ('p *)
g8/ FT

(A
(' per unit side gust (ref. 11)=U <—))
Lg FT

The designation of example airplanes for this
paper and reference 11 is consistent.

The two rolling- and two yawing-moment
coefficients due to u, and w, components acting
on the wing were taken directly from the figures
of reference 12. Since these four complex mo-
ment coefficients represent the spanwise integra-
tion of the power spectra of the horizontal and
vertical gust components, they appear in reference
12 only in the form of the absolute value squared,
whereas cquations (19) and (21) appear to require
their real and imaginary components. However,
by Sllbblltlltlllg equation (42) into equation (19),
the expression for the motion due to horizontal

gusts becomes
( ,,,)
rJw

e[ (E). D]

2*z=|z|?

v

L
Ug \w

21("1

S

¢ 2

¢
G

]

and since

the equation becomes
e (a )
o () (D2

where only the square of the absolute value of

¢2

Uy

(48)

‘
(ug)w appears and the product

(7 2
k—'i ®,,=%c, (due to horizontal gusts)

is plotted in figure 9 of reference 12.
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TABLE I.—FLIGHT CONDITIONS AND STABILITY
DERIVATIVES OF EXAMPLE ATRPLANES

(a) Flight conditions

Airplane
Flight condition —
A B C
[ § 30, 600 1, 000 35, 000
7 fusee . 696 318 700
1 | 12,600 | 28,000 ' 125, 000
Moo 50 10. 9 31. 83
Cpooo .. 0. "l2 0.177 0. HS
tan 5. _____. 0
ag, radians______ 0. 0086 0. 0325 0. 0823
() Stability derivatives
Airplane
Stability
derivative
A B C
Total airplane
Ryt .- 0. 01485 I 0. 0158 0. 0311
Kz .. 0. 0504 0. 0300 0.072
Kxz oo __ —0. 00062 |—0. 00138 0
Crpeoeee e —0.45 | —0. 1875 —0. 44
Cope oo 0. 040 0. 1053 0. 149
C;ﬁ ,,,,,,,,,,,, --0.11 | -0 1084 -0, 14
C,,D ,,,,,,,,,,,, —0.035 | —0.0308 | —0, 0275
Cope o - —0.15 0. 1041 —0. 156
Coageoeeee 0.12 0. 0831 0.12
("yr ____________ —0.013 0 0
Crme 0. 225 0 0
Crgennamme ~0.58| —0.763 0.5
Clom oo 113 54 5. 38
Wing
CofCrpe . 0. 025 0. 0208 0. 054
CofCreme 0.075 | —0.053 | —0.052
Cigeoe - 0.0475 | — 0. 0660 0. 0876
Coioe e 0. 01 0. 006 0. 01
|
Vertical tail '
(V,-B ____________ -0, 42 —0. 337 — 0. 384 :
Qa/OB ... 0. 19 0. 242 0. 215 X
Crge oo 0. 183 0. 129 ’ 0. 154 ‘
C’a ____________ - 0. 0625 0. 0418 ] - 0.0524 ¢

TARLE II.—-PHYSICAL DIMENSIONS OF
EXAMPLE ATRPLANES

Airplane

Diniension
A B C
byfto oo . 35. 25 70 116
8, sqft. T 250 510 | 1,428
Sy, 5q ft. 55 1 71.35 230
\sp( et ratio ... _.__ 4. 98 9. 07 9. 4
cdeg____ T £o0| 150! 36
Tupnr ratio. . _______ 0. 46 0. 15 0. 42
he f . 1.4 7.0 13. 0
I, ft T o] 118 276 1 16.6
To, ft o - 18 15. 25 48. 5
U o 5.7 22.0 36. 6
BT | 20 29. 4 51,6
sop fU T 2.7 30! 53
syt o . 8.5 10. 6 18.5
In the parallel evaluation of the motion due to

vertical gusts, the substitution of equation (43)
into equation (21) yields
¢

2 | g2 ', \?
w, :{!Ei (( , )W
‘,
(1)
ANeN
1) W

where the produet

(]2
n]}i'ﬁi—’;iw (49)

.2 .
!ij $,,=P¢, (due to vertical gusts)

is plotted in figure 7 of reference 12.
Inasmuch as the figures of reference 12 are
plotted against £, the relationship

k :ﬁzﬁ,lr:B, ('30)
where
, b
=T

was used in the compatible choice of frequencies.
Sinee the ratio of wing spans between the three
example airplanes is on the order of

b_.1 :bI):bC ~1:2:3.3



THE LATERAT, RESPONSE OF ATRPLANES TO RANDOM ATMOSPHERIC TURBULENCE 17

the values of 87 were tuken as
8 .=0.03125
"p=10.0625
3 ¢=0.103

which correspond to a value of 7, on the order of
1,100 feet. A rectangular span load distribution
was used for airplane A and elliptical span load
distributions were used for airplanes B and C.
This choice was a matter of convenience since
the plots of reference 12 indicate only a minor
effect due to span loading distribution.

The power speetral responses of the airplanes
were completely caleulated in three degrees of
freedom, @, ¥, and 8, by using the power spectra
of the gust components given by equation (47).
Angular displacements of the airplanes are shown
in figures 3 to 11 as follows:

Angular Figure
Airplane | displace- | number
ment
¢ 3

A v 1
8 5
¢ 6
B v 7
B8 8
@ 9
C ¥ 10
8 11

In the (a) parts of figures 3 to 11 are plotted the
three components and the sum for that particular
angular displacement as expressed by equation
(18).  As may be seen from these figures, in none
of the cases considered does the % component of
gust velocity contribute pereeptibly to the result-
g motion. Thercefore, in the (h) parts of figures
3 to 11 are plotted the relative contributions to
the motion of the terms due only to the » and w
components of the gusts. The (b) part of each
figure then is a plot of equations (20) and (49)
(where eq. (49) is a modified form of eq. (21))
and, as such, does not include any power-spee-
trum terms.  For instance, the three components

due to vertical gusts w, shown in each (b) plot
have been summed, multiplied by the power spee-
trum defined by equation (39), and plotted in the
(a) part of ench figure. The u, and v, contribu-
tions were treated likewise with the exception
that the components due to u, are not plotted in
the (b) part of cach figure.

Figures 3 to 11 are plotted in this manner to
permit observation of the end results without
undue complication.  When the relative magni-
tudes of the contributing forces and moments are
of particular interest, the (b) parts of the figures
may be studied more closely.

Since in order (o obtain the (a) parts of these
figures, the w, components are multiplied by
[
Weiw
®y,, it should be noted that in the (b) parts of

Py, and the 2, components multiplicd by

these figures the wmits of the w, components are

dimensionless while the o, components have the
radians)?

e )

The 8 response plotted in figures 5,8, and 11 is
the angular displacement with respect Lo the gen-
cral air mass (that is, still air or fixed axes) and
as such does not include the displacement with
respeet to the local air mass (gusts).

From these example cases and figures, conclu-
sions may be drawn on characteristics of method,
trends, and further simplification of the caleula-
tions and a comparison of results from other
methods of analysis may be made.

units

ANALYSIS

Characteristics of the method.-—In applying the
method of this paper, several characteristics appear
to be worthy of special attention. The first of
these is the importance of calculating the response
of the airplance at the exact frequency where the
Duteh roll mode has a maximum amplitude. Since
the Duteh roll mode is generally lightly damped
and the square of the amplitude is required in the
caleulations, the power speetral response of the
angular displacements of the airplane will generally
exhibit a sharp peak in this frequency range.
Enough datum points should he caleulated in his
region to insure an aceurate representation of the
response.
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A second characteristic of the method is the
inaceuracy of equation (20) as w—0 for the ¢ and
¢ modes of motion. The reason for this inaccu-
racy becomes apparent when the equation relating
¢ (or YIto 1,

¢ ¢ C, ¢ Cy ¢ Cr -
"y (W= (wH-azTg (@4"@7"{ (@) (31)

i Ug

is written in the form

s w={ e[t rE ] wtg @ ]

et}

6  17¢ ., , ¢ ¢ e G
L (& Ot Ot & o )4 [#a©
¢ C, ¢ Cr 5
G g w] )

The first half of equation (52) now represents the
steady-state response to a uniform change in side
gust over the airplane. The second half represents
the additional Tesponse due to the nonuniform
distribution of the gusts over the airplane. If
the frequencey-dependent expressions for the trans-
fer functions 2,-: —2» and —¢4 as given by equations
v Gy ('y :
(26), (29), and (32), respectively, are substituted
into cquation (52) and the coefficients having the

C
same powers of « are grouped 3 (w) may be ex-
g

L]
panded in the form 2 amw’">, the coefficient of

m=1
the Towest order power of w in the numerator may
be shown to be identically equal to zero. In the
numerical evaluations at low frequencies where
the lowest order terms of equation (52) (or the
square of the absolute value of eq. (52)) are pre-
dominant, small differences between large numbers
appear unless these terms are canceled beforehand.
Since in the present method this cancellation is
not convenient, a seattering of caleulated values
for g and ‘% begins to occur at some frequency

g 4
below that of the Dutch roll mode. Tlowever,

. . . ¢ ¥
since this scatiering occurs only as - and - ap-
14 o
proach a constant (at w=0), this counstant may
be evaluated and the curve faired to that value.

In figures 3, 4, 6, 7, 9, and 10 this fairing is denoted
with dashed lines. In the range of frequencies
where the response in ¢ and ¢ due to rg is faired,
the total response of the three airplanes is due
almost entirely to the w, component of the gusts.
Effect of trim angle of attack.—In analyzing
{he motions of the three example airplanes, the
offeet of small differences in trim lift cocflicients
or trim angles of attack appears to be important.
Although the trim angles of attack for all three
airplanes are low, their relative magnitudes arc

B:A:C=1:1.36:2.50

Thus, airplane C was at an angle of attack from
two Lo two and a half times as great as airplanes
A and B. The stability derivatives for the wing
alone in incompressible flow are functions of angle
of attack (and, henee, lift coefficient) of the order
(see vef. 20):

O;y:Constant

C, <«
p

Olr oCa
Cn?' [cd az &nd p’)‘g

The effect of inereased angle of attack on the
ratio of yawing moment to rolling moment may
be seen to increase by

p"z’ C”r Cl),o
L —Tocaand —~
(. ip C’r 24

These ratios may explain trends such as that shown
in the ease of airplane C for which the response
in ¢ and B to w, at the higher frequeneics is
primarily due to the ability of w, to produce
yawing moment, whereas for airplanes Aand B
{he response is primarily due to the ability of
w, to produce rolling moment.

Effect of horizontal gusts.—While there is, In
general, some cross power (or cross correlation)
between any two velocity components measured
at any two points in the turbulence, ouly those
components lying in the .V¥-planc of the airplane
are considered herein since the Z-gradients of the
gusts are unimportant o the airplanc. The air-
plane will, however, sense the corrclation between
the u, component acting at one point on the wing
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(at any instant) and the », component acting at
some other point on the wing or vertical tail (a
vortex ceffecty. Tt is the additional effect of this
correlation that has been neglected in the method
of this paper. While this correlation is probably
small, the fact that w, has a negligible effect on
the airplanes considered is reason enough for
neglecting any cross-power cffects involving wu,.
Tn eases where the u, component of gusts docs
have a pronounced cffect on the airplane, the
contribution of the cross power must be deter-
mined or further justification be made for neglect-
ing it.

Response characteristics of example airplanes.-—
The calculated Tateral responses of all three ex-
ample airplanes exhibited a number of character-
jstics in common. Most important of these was
the total motion in each of the three degrees of
freedom.

In each case the response in roll was due pri-
marily to w, at low frequencies, v, near the Dutch
roll frequency, and w, at the higher frequencies.
The response of the example airplanes in yaw was
due primarily to w, al very low frequencies and
due primarily to 2, at the Dutch roll and higher
frequencies.  The response in g8 of the three ex-
ample airplanes was due primarily to ¢, throughout
the frequeney spectrum.

SIMPLIFTED EQUATIONS

Buased on the three conventional example air-
planes, certain simplifications to the response
equations (18) to (21) appear to be justified.  For
the low trim lift coeflicients (or angles of attack)
investigated, the effect of the horizontal gust (u,)
was not discernible in any of the three modes of
motion ((a) parts of figs. 3 to 11) and could have
been neglected.  Furthermore, in every case in-
vestigated, the effect of side foree due to side

Oy .
gusis (i*) was negligible ((b) parts of figs. 3 to
11) apparently because of the magnitude of C,-ﬁ
. ¢ ¥ 8
and the magnitude of the o0 and Ien transfer

functions for the example airplanes; however,
these orders of magnitude are typical of most
present-day airplanes.  Other parameters appear
to be negligible in some cases.  When computing
{he response of the airplane in sideslip, negleeting
the offect of w, as well as that of u, appears to

be justified.  Although for some cases, for ex-

ample, airplanes A and B, the effect of g: appears
to be of small order in all modes, this effect is not
generally true, as is shown by airplane C.  As
pointed out in a preceding section, the response in
sidestip was due primarily to 2.

Tn general, then, the preceding discussion leads
to the simplification of cquations (18) to (21) as
follows, where ¢ may again be replaced by any of
the lateral degrees of freedom in the form of
angular displacements, velocities, or aceclerations:

12 ! ¢ 2
‘btﬁ_ ITJ q)lg-*—ilbi' q)u‘g (‘)3)

and
?2'2— i Z'C{ 2 ]i 2'&!2
il 1O !"g W+ Cil [vgir

d’ 2 On:2 9 [ pl>* <(Vn)

=R 2R i) —n

+ Cn {?‘g FT+ { (Z‘.g, w Pg FT

)@
Hn GO
o = { R,

w
(.G L

COMPARISON OF METHODS

} (54)

-1

Both airplanes A and B have been analyzed in
other papers (refs. 6 to 9) at the same flight con-
digion as that used herein for their responses to
atmospheric turbulence by using methods which
treat gusts as equivalent motions of the airplane
in still air. These gusts are denoted as side gusts

. ow .
8., rolling gusts D¢, or —'-gy and yawing gusts Dy,

oy
Oy . . . .
TSy The analysis of airplane A given in ref-
orence 6 is based on the power speetra derived
from the analysis of reference 9. Although the
analysis of reference 6 also incorporates a refine-
ment by considering the lag of the vertical tail
penetrating the gust, the effect proved to be
negligible on such a small fast airplane.  Since in
this analysis (ref. 6) the rolling gust affected only
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the wing, a comparison with the analysis of this
paper (where the vertical gust likewise affects only
the wing) may be made. Therefore, a comparison
is made herein by using airplane A 1o illustrate
any differences in the results of the two methods.

COMPARISON OF GUST POWER SPECTRA

Since the power spectrum of the v, component
of atmospheric turbulence as used in references 9
and 6 and that used herein have in common an
asymptotic value of £7% at large values (relatively
spoaking) of k, the arbitrary constant ., given
in references 9 and , is assigned a value such that
the referenced v, bpectrum and the », spectrum of
this report are asymptotically congruc-nt. With

this same constant, the Do, and f speelra are

Oy
compared, and all comparisons of the calculated
motions of airplane A are likewise based on this
same constant.
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Side gusts.—The power spectrum of side gusts
expressed by equation (47) written in the form

;o)
]

is comparable to that shown in figure 4 of reference

S

g__

(56)

~

s,
2
T 2/[

6 except for a constant. That is,
®, by
i PO | (57)
pgﬂ A
where
s (58)

Plotted in figure 12 are the side-gust spectrum

fo} T
wl
1- ¢Bg L 1+ 3 Tf)
S 2 2 wU 272
e/t T i (e
—_— 1 U
o :
10 AN
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. ®B ofrefGW|'hA'l$LUi2
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|5 o
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2 1—% R plot of figure 7(a), ref. 12
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Firavre 12—Comparison of several theories for power speetra of xide gusts and rolling gusis as experienced hy

airplance A.
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given by equation (56) and that of reference 6
with the constant K of equation (58) given the
value

K="5 (59)

in order to get the agreement shown. Sinee both
spectra are multiplied by the factor Z, this agree-
ment is independent of the choice of magnitude
for L.

Rolling gusts.—Similarly, the power spectrum
of rolling gusts D¢, used in reference 6 may be
compared with the power spectrum of rolling
moment due to vertical gusts as given in reference

12 and used herein.  Since
b C
Cr=—Cy, to=—"2 Dy (60)
then
S (61)
D¢, — P (o4
f4 (]lpz 14

and for airplane A, under the conditions considered
herein,

4 wrLC, 2

P4 e E(wy)

0wl
Do (k7
where I7(w,) is the curve of # for g’'=
w? LC, U

0.03125 from reference 12, figure 7(a). If P pg, 18
expressed with the same normalization used for
the side gust (see eq. (56)), then

Ppo,

4L
oAl £ (62)
&

Equation (62) is plotted in figure 12 together
with the power spectrum of D¢, given in reference
6 again with

_72L o}

A==t

(63)

Sinee the speetra of reference 6 are the same as
those given in reference 9 except for a slight
difference in frequency range, no difference is
shown in the plots exeept that the range of data
of reference 9 is denoted with ticks.

Likewise shown in figure 12 is the spectrum for
rolling gusts as predicted by Decaulne in reference
8. The theory is based on the assumption that

the variation of vertical gusts across the span
(Qw,/0y) can be approximated with a constant
gradient (a linear variation) and has as a spectrum
. wb wh T’
Sin 575 €08 5+

36 { v "o
N | O

Pou, (@)= Py (0) 77" o o
> Ge) &
which for small values of w reduces to
® 2
By ()= 000) () (63)
By

Based on this theory, when w is less than the
frequency corresponding to a wavelength of I (a
value of L of 1,128 feet used in fig. 12), the verti-
al-gust spectrum will become a constant and the
ow,/oy spectrum will fall off to zero at the rate
of «? as w approaches zero. This result is denoted
by dashed lines in figure 12.

At the higher frequencies shown in figure 12,
the caleulated spectrum of reference 8 predicts
almost no attenuation of rolling power of the wing
with frequency. The spectrum of the same quan-
tity according to references 9 and 6 would predict
an attenuation for the wing of airplane A, the
attenuation beginning at about 8 radians/sec with
the power falling off rapidly thereafter. The
more comprehensive theory of reference 12 shows
a more pronounced attenuation of power over the
plotted frequency range although all theories have
approximately the same value at the frequency
corresponding to the value of 7.

On the basis of this comparison, the concept of
constant gust gradients across the span would
appear to be insufficient, despite the agreement in

the region of the break frequency (w:%) The

more comprehensive theory of random gusts across
the span predicts no attenuation below the break
frequency such as is predicted by the theories of
references 9 and 6. At frequencies greater than
the break frequency, the attenuation predicted by
the two theories again becomes inconsistent.

COMPARISON OF LATERAL RESPONSE POWER SPECTRA

With the assigned value for the constant .i
given by equation (63), the responses of airplane
Ain ¢, ¢, and B due to B; and D¢, as calculated in
reference 6 (fig. 10(a)) are plotted in figures 13 (a),
(b), and (c), respectively. Also replotted in
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(1) Power spectral response in roll angle ¢ of airplane A.

Fiarre 13. --Comparison between the lateral responses of
airplane A in atmospheric turbulence as determined by
method of present paper and method of reference 6.

figure 13 are the responses in ¢, ¢, and B of air-
plane A due to z, and w, as obtained by the more
comprehensive method of this paper. Since refer-
ence 6 did not consider the u, component of gust
velocity, no comparison is made of the contribu-
tion of this component. Flight conditions are
thie same in both cases.

Tn reproducing the frequency-response calcula-
tions of reference 6, the caleulated transfer func-
tions of ¥/N¢, were found to be in error; however,
this error did not affect the conclusions made
therein,  The power spectral response of (¥)pe,
shown in figure 13(b) has therefore been correeted
and plotted for a somewhat larger frequency range
than is given in reference 6. In the extended
frequency range the D¢, speetrum which would
be predicted by equation (65) is used.

At the lower frequencies the differences in the
response of the airplane due to side gusts as caleu-
lated by the two methods are due principally to
{he differences in the spectra of side gusts used
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(b) Power speetral response in yaw angle ¥ of airplane A.

Ficrre 13, Continued.

by the two methods, as shown in figure 12. In
the intermediate frequency range where the Dutceh
roll mode is predominant, a large difference in
peak amplitudes is indicated by the two methods.
This difference appears to be due to failure to
evalunte the transfer functions at the exact fre-
quency at which the Duteh roll mode has maxi-
mum frequency content (w,=3.16 radians/sce for
ref. 6 as compared with «,=3.08 radiansfsce for
this paper). In power spectral analyses where
frequency amplitudes are squared, this factor can
result in appreciable differences, as demonstrated
in figure 13.

Tn the higher frequency range the differences in
the theories are more pronounced since in this
range the caleulated effectiveness of the vertieal
gusts acting on the wing to produce lateral mo-
ments differs with the two theories.  As pointed
out i reference 11, the distribution of gust
velocities along the fuselage begins to become an
important factor in calculating the yawing moment
and side foree due to side gusts in this frequency
range.

e —————
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Coneluded.

II. A SIMPLIFIED 'METHOD FOR THE CALCULATION OF THE LATERAL RESPONSE OF
AIRPLANES TO RANDOM TURBULENCE

THEORY
EQUATIONS OF MOTION

The equations of lateral motion for an airplane (ref. 22) are given by

2B D0, U D 2K P y—
QR Dy Do 2B D~ o

1 1
—QC)'I,D¢—(YL¢U+2#D¢U —*2'(7}',]79&‘—01, tan v ¥, +2ulB,—Cy,8=0

where the subscript o appearing in the inertial and
weight terms is used to denote angular displace-
ment with respect to an absolute system of axes
fixed in the general air mass. Tn calculations of
the motion of an airplane in stll air, the angular
displacements and velocities appearing in  the
acrodynamic terms are identical with these values.
When flying in turbulent air, however, the air-
plane is subjected to the motion of local air masses,

1 3
S0, Dy p=0
1
2~ n,D‘lb_CnﬁB:O } (66)

generally referred to as gusts.  The relative linear
and angular velocities of the airplane with respect
to the local air mass each may be considered as
made up of two parts:

=Dy, + 1, (67)
B=B.1 B,
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where the subseript g is used to denote gust velocities.
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Substituting equations (67) into equa-

tions (66) and transposing the terms resulting from gust disturbances to the right-hand side of the
equation gives the result written in the convenient matrix form:

%o
[al< ¥
Bo

The matrix

1
2“K¥2D2_2 (y;pn

1
[A] =1 — 2#K\'ZD2'—§ ( yn.‘,D

1
—5 Oy, D—C,

is the familiar “still air” rigid-airframe charac-
teristic equation, and the matrix

1 | . 7]
@=| e oo @ (70)
Ti= 2 ny 2 My 'nﬂ

1 1,

2% 2 Cn

gives the relationship between the aerodynamie
moments and forces resulting from gust velocitics
encountered.

In the classical method of treating simple iso-
lated gust inputs (for example, ref. 2), the clements
of the ¢ matrix would be the “still air’”’ stability
derivatives, the values in the gust-velocity matrix
(Dgy, DYy, and 8,) would be those appropriate
to step or ramp functions, and the solution would

be defined by

([4.) [ D) )
W) =A@ G4 i) ¢ (1)
L8 | | s |

where [A]7! is the inverse of [A] with D:iﬁ]w_

U
Uhnique time responses could then be obtained by
taking the inverse Fourier transform of each
solution.

1
(2#'—'§ ('y7> D— (’YL tan Y 2#0_0}’5 _J

Ds,
=[G)< Dy, (68)
B,
, 1 7
—L#KK'ZD-—ﬁ (/ II'D _Clﬁ
QpKZQD?——% ¢, D ~0, (69)

However, when the responses of the airplane
to continuous random gusts are to be considered,
the gust velocities ean be defined only in a statis-
tical (power-spectral) manner and the resulting
moments and forces will in turn be related only
in a statistical sense. This means that the ele-
ments of matrix & cannot be evaluated in the
usual sense and tiie effect of random distributions
of gust velocities along the fuselage and across
the wing span must be t(aken into account,

FORCES AND MOMENTS DUE TO TURBULENCE

In the application of the method to random
turbulence, the sources of the forces and the mo-
ments on the airplane must be considered. As
shown in reference 12, yawing and rolling moments
on the wing result from gradients of the hori-
zontal and vertical gusts.  Wing rolling moments
and moments and forces on the fuselage and
vertical tail are produced by side gusts.  Although
the wing moments cannot be determined at any
instant as a function of the gust velocitics measured
at the center of gravity, the power spectra of
these moments have been determined in reference
12 as a function of the power spectrum of the
vertieal gust velocity as measured at one point,
In isotropic turbulence, the spectrum of the side
gusts measured at a point is identical to that of
the vertical gusts. For this reason, the spectrum
of the yawing and rolling moments may be te-
lated equally well to that of the side gusts. This
procedure is used in the present analysis.
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Spanwise gradient of vertial gust.-—In genceral,
the rolling moment acting at any instant results
from a random distribution of vertical-gust
veloeity across the span which has some average
linear spanwise gradient. An effective gradient
which produces the rolling moment due to this
random spanwise distribution may be defined by
the relation

2
D¢g:‘ («YI(‘wg)

(011))"'

which is derived from the cquation
1
C”,(wg)=§ (€ wDés (72)

where C,(w,) is the rolling moment due to vertical
gusts, (C,)w is the wing damping-in-roll stability
derivative, and D¢, is the equivalent rolling-
gust gradient. Likewise, the vertical-gust distri-
bution at any given instant also produces a
yawing moment. In reference 12, this moment
was assumed to be in phase with the rolling
moment and was determined from the formula

]

‘, |
a,(wa:(; ~) Ciwy) (73)

Substituting equation (72) into equation (73)
gives the yawing moment in terms of the effective
gust gradient:

O\ (wy) =% (Co) Dy (74)

Spanwise gradient of horizontal gust.—Similar
arguments may be used to show that a random
distribution of horizontal gusts across the span of
the wing produces both rolling and yawing
moments which are assumed to be in phase and
related by

On
Cn(uz):(?l‘r) Ci(ug) (75)

T

In terms of the equivalent yawing-gust gradient
Dy, these moments are given by

() =5 (C,)y DYy (76)

Culud=3 (€1} DV, (77)

These formulas (eqs. (72) to (77)) are in a con-
venient form for application to the present
analysis in which the gusts are considered as
equivalent rigid-body motions of the airplane.
Moreover, since only the wing moments are
influenced by the horizontal- and vertical-gust
distributions across the span of the wing, these
formulas completely account for the effect of
these gusts on the lateral motion.

Side gusts.—The only remaining source of gust
disturbance is the side gust. In this part of the
report this disturbance is expressed as an equiv-
alent sideslip B,=0v,/T", but the method of cal-
culating its effect is essentially the same as that
used in part I. Effects due to the difference in
time at which a given gust encounters different
sections of the airplane, known as gust-penetration
effects, are accounted for in part I by considering
the relations between the aerodynamic force and
moment cocflicients and the gust inputs measured
at the center of gravity as frequency-dependent
transfer functions. These relations are horein
converted to frequency-dependent stability
derivatives Cy,, Crg, and €y by multiplying the
expressions used in part I by the flight velocity U.
Expressions for these stability derivatives are
given in appendix C.

To an observer in the airplane the side-gust
disturbance appears as a random velocity distri-
bution which moves along the fuselage and vertical
tail at the mean velocity I7. If this speed in
terms of body lengths per unit time is large (as is
usually the case with most airplancs), these gust
velocities will not change appreciably during their
“time of exposure” to the fuselage. When the
condition is satisfied, the forces and moments
acting on the fuselage are uniquely, rather than
statistically, related to the side-gust distribution
along the flight path, and phase relations can be
correctly accounted for by treating the frequency-
dependent derivatives as complex quantities.

MATRIX SOLUTION TO EQUATIONS OF MOTION

The effects of the gusts on the wing and the
fuselage-tail combination may be incorporated
into a matrix similar to the simplified @ matrix of
equation (70). If this matrix is denoted by G(w)
and if only those force and moment coeflicients
are included which will have a significant effect
(for example, side forces due to rolling and yawing
are usually negligible compared with side force
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due to sideslip), the modified G matrix is defined as

1 1
b} (Cihw 3 (Cr)w [Cos(e)]r
[Gw)]= %((*,,p)w i (Codw  [Crg@]sr (78)
0 0 [Cl»ﬁ(w)]p,,,

Tu terms of this matrix, the solution to the equa-
tions of motion given by equation (68) is ob-
tained formally by inversion:

¢u(w) D¢x(w)
e b =11 G (@] < DY) (79)
B.(w) B(w)

The inverse of the A matrix given by equation
(69) is shown in part T (cqs. (26) to (35)) to con-
sist of transfer functions reluting the response in
lateral angular displacements to a sinusoidal
rolling moment, yawing moment, or side force of
unit amplitude:

2 S )

pEl= L@ Fw E© (30)

ﬂ;<w> @) 5 |

Tnasmuch as the random nature of the moments
resulting from random turbulence makes it nee-
essary to place the result given by equation (79)
in a power-spectral forni, both sides of the equa-
tion must be squared. Il equation (79) is squared
in its present form, cross-power terms between all
the forces and moments will appear in the final
result. Towever, if the product of [A]7Y and
[({w)] is taken beforchand, then when the product
matrix is squared these cross-power relation-
ships do nol appear explicitly since their equiva-
lent effect has been taken into account in the mul-
tiplication process. It is shown in appendix D
that the result obtained by first multiplying these
two matrices before squaring is the same as the
result obtained by squaring each matrix sepa-
rately and including cross-power terms.

Fach element in the matrix produet of [a]™

and [6(w)] Das the form of a transfer function
relating one of the airplane response quantities 1o
one of (he gust components, This relationship is
indicated as follows:

¢ ¢ )
@ e —-g(wﬂ

(A1) = 1%;(@

14
D4,

%(w) (81)

8 B B
_1—)'% (w) m (w) _g(w)

In terms of this matrix product, the relations be-
twoen the power speetra of the airplane response
and the gust compouents are given in the form

4 - ¢ 2 ¢!2 d)ll e 3
o [l |

Lol o |

g |81 |8P
\ (bd L LIAD—%‘ D‘ﬁgl ﬁ_g’ - L(I)ﬂg o

where the power spectrum of a quantity X is
defined by

Fy=lim 7 |XT? (83)
T«

The assumption has been made that any cross
power between the three gust components is cither
zero or negligible.  Justification for this assump-
tion is made in a subsequent scetion.

Finally, the gust inputs in isotropic turbulence
are specified in terms of a single quantity. The
spectrum of g, is sclected for this purpose inas-
much as B, is directly related to the linear gust
component #, for which the spectrum is available
from turbulence theory. Therefore, the final
form of the equations is given by

3 1 ) 2 ¢ 12 [¢i2 !Dd’gz
w) [l s (1 ]
e el | P
P - el Da &l |18 b
! 13 2 B 12 B 2
o) Ul ol B
(84)
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GUST SPECTRA AND THEIR RELATIONSHIPS

The following relationships for the gust spectra
and gust velocities are based on the assumptions
of homogeneous isotropic turbulence:

B, (@)= By, () = [y, ()
_ (85)

Physically, these relations state that, regardless
of the motions or the direction of travel of the air-
plane, the vertical- and side-gust components
measured at the same point on the airplane have
the same spectrum and that the mean-square
value of all three gust components is the same,.

For the purposes of equation (84), the power
speetra of gust gradients as a function of the gust
specfra measur (-d at one point are required in the
form of the ratios of the power speetra of Dg, and
Y, to the power spectrum of 3, when the latter
18 known. Taking the square of the absolute
value of equation (v2) and considering the equa-
tion to apply at any given frequency yields

1D¢,*=rm—=—lC1(w,) P

—(O‘p)W

4
q’[)g)g ((yl )W q)C'I )

(86)

Dividing both sides of equations (86) by the power
spectrum of the side gust or vertical gust (see eqs.
(85)) as measured at the center of gravity gives

Poog_ 4U” Peyny
‘T’Jg (O’p)w2 (I"”x

At any given frequeney, then

Dg,f2  407° @,(mg)
i 8| 0 Vet oy (87)

Expressions for both power spectra on the right-
hand side of equation (22) are available in the
literature. An  expression based on measure-
ments of turbulence in wind tunnels (ref. 19)
which appears to fit well most of the available
data from measurements of atmospherie turbu-
Ience (for example, refs. 18 and 23) is given in
terms of g8, by

121 _L‘ 72
gy =3, = L 143k

w 88
f4 g 7 (1+IL’2) ( )

where P'=wl/T7 and L is the so-called scale of
turbulence. A plot of equation (88) is given in
figure 14,

Calculations based on analytical oxpressions
(similar to eq. (88)) for the gust speetra measured
at one point are given in reference 12 for the
power spectra of the coefficients of the rolling and
yawing moments on wings of arbitrary span which
are subject lo continuous isotropic {urbulence.
These spectra, which take into account the
random distributions of gusts across the span and
along the flight path, are given in reference 12
for various values of g’=8/I and for four span-
wise lift distributions on the wing. Since the
effect of different Lift distributions was smuall,
only one distribution (the rectangular distribution)
1s considered and the power spectrum of rolling-
moment coeflicient due to vertical gusts on the
wing is denoted here by

WR2L(C, ), ?
e L(Cry)w XQuantity plotted in

Clm T T B

fig. 7(a), ref. 12

The quantity plotted in figure 7(a) of reference
k')

12 iy e A
wZL(, ST
by equation (88) and substituting the result into

equation (87) vields

Dividing the above equation

B f 134"
(1FF72

%‘2——’-0( Quantity plotted in fig. 7(a), vef. 12

(89)
This relationship is plotted in figure 15 for the

various values of 87 used in reference 12 and as
a function of reduced frequeney o, where

b
o ==g'l (90)
In a like manner the relationship Detween the

power spectra of yawing gusts and side gusts
may be determined.  From equation (76),

4
‘T’n\bg:(-(tj;y‘g@c,(ug) (91)

Dividing through by the power spectrum of the



Ticure 14— Power spectral density of the side-gust component of isotropic turbulence. &'= k7

side gusts or vertical gusts as measured at the

center of gravity gives
Ppy, A2 Poyup
o, (C),

wg
where at any given frequency
Dl[/g["__ 4[ <I)Cl(‘ux)
ARG

The quantity plotted in figure 9(a) of re
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Aguain, from reference 12, the power spectrum of
the rolling-moment coefficient «due to horizontul
gusts on the wing is given by

U, L(ﬂ,) 2opw?

q’Cz { ug) 7r[

X Quantity plotted
in fig. 9(a), ref. 12

®c, (k)

ference 1218 =777~ where a is trim angle of attack.

ulLC o U

Dividing the above equation by cquation (88) and substituting the result into equation (92) yields the
required relationship between the yawing- and side-gust spectra:

D)
b

Quﬂ.nt‘ity plotted in fig. 9(a), ref. 12

(93)

()=

T3k
(k2
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Fiaure 15.—Ratio of rolling-gust power spectrum to side-gust power spectrum as a function of reduced
frequency o’ for various values of 8, the ratio of wing span to seale of turbulence.

This relationship is plotted in figure 16 as a
function of &’ for a range of values of 8.

Presentation of the data of figures 15 and 16 in
the form of ratios between the gust speetra is not
meant to imply that these data are independent
of the approximate spectra chosen for 8,.  These
ratios represent the filtering effect of the wing on
gusts having the frequency spectrum given by
equation (88), and, if other approximations to
this frequeney spectrum were used, the filtering
effect would not necessarily be the same.

DISCUSSION

The foregoing development leads to a set of
equations which hold for small disturbances about
some trimmed flight condition. In the applica-
tion of the method, it is necessary to know the
flight conditions, the stability derivatives of the
airplane at those flight conditions, and some basic

physieal dimmensions of the airframe. Such quan-
tities are required for any dynamics study of an
airplane and, aside from the equations and figures
given herein, no additional information is required
to obtain the lateral response of the airplanc in
power-spectral form {o continuous atmospheric
turbulence,

As an aid in setting up the required calculations,
a list of columns and steps which may be followed
m the ealculation of @, is given in table IIT. The
column numbers and headings are listed vertieally
mm this table; however, they would be arranged
horizontally across the top of an actual ealculation
sheet.  Although the calculation of &, is used as an
example, the same steps are followed for the re-
sponse of the airplane in any angular displacement,
rate, or acceleration. For a given airplane and
flight condition the first 12 steps (part (1)) may
be tabulated from the equations and plots of this
part of the report.  Steps @ to @ (part (b)) are
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FiuvRe 16.—Curves for determining the ratio of yawing-gust power speetrum to side-gust power spectrum for various
values of the ratio of wing span to scale of turbulence g/, wing angle of attack au, and wing slability derivatives

Ci, and Cy .

used for the caleulation of the response of the
airplane in any lateral angular displacement (for
the example, ¢ is used). Tt is necessary to tabu-
late the real and imaginary parts of three trans-
for functions relating €, Cn, and Cy to that re-
sponse parameter (columns @ to @) and to follow
the indieated steps. For cach ol the other re-
sponse miotions or their derivatives it is only
necessary (o substitute the appropriate transfer
functions into columns @ to @ and to repeat the
process.

Tn caleulating the frequency-dependent stability
derivatives (columns @ to ®), care should be
{aken to insure that, when =0, these derivatives
agree with the steady-state acrodynamic deriva-
tives used in ealeulnting the transfer functions of
equation (80).

The method requires a choice of values for the

seale of turbulence L and the mean square of the
turbulence w2 Very little information is a vail-
able at present on the proper magnitude for L,
however, it appears to be within the range of 1,000
to 2,000 feet and probably closer to the lower
figure. The mean square of the turbulence de-
pends on the severity of the turbulence to be con-
sidered.  As an approximation, a value of w, of
(3 ft/sec)? for light turbulence, (6 lt/sec)* for
moderate turbulenee, and (10 [t/see)? for thunder-
storms may be used. (See ref. 23.)

Tn the present method the effeets of turbulence
on the airplane have been separated into the
equivalent effects of rolling, yawing, and sideslip
of the airplunc in still air. The application of
{his concept. however, has been made in such a
way that the effects of the u-, -, and w-compo-
nents ol the gusts are taken into account as was
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TABLD ITT.—SAMPLE CALCULATION PROCEDURE
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done in part I. Although the procedure of part
I differs from that of part T, exactly the same
offects are treated in both methods and both
methods yield the same results. This agreement
has been verified by using the present method to
calculate responses for the example airplanes
of part I. Since the responses of three airplanes
are presented in part I, no numerical examples
are presented in part II.

One distinction should be noted between the
present  method and the more conventional
treatment as contained in equation (68). In
the conventional {reatment, yawing gusts are
assumed to include both the rotational effects
introduced by gradients of side gust along the
fuselage and Dby gradients of horizontul gusts
across the wing span. Thus, the values of (7,
Cs,, and Cy, of equation (70) would be those for
the entire airplane. In the present method, the
yawing gusts are assumed to include only the
offeets of horizontal gusts on the wing, and the
values of (C0)y and (Cn)y used in equation
(78) are those for the wing alone. TRotational
offeets of the side gusts along the [uselage are
completely accounted for by the complex stability
derivatives (Ci)yrrr (Crgdpr and (Cyg)pyp This
method is used beeause it allows the utilization
of the more accurate caleulation of the fuseclage
penetration effects given in reference 11 and
because the separation of the effects of the wing
and fuselage allows the random distribution of
horizontal gusts across the span to De tauken into
account.

With most current airplanc configurations in
flight at low angles of attack a simplification of
equations may be obtained by neglecting the
vawing gusts on the wing. In the numerical
examples of part T 1t was observed that this gust
component had a negligible effect in all degrees
of freedom for the airplanes investigated. This
result is the basis for the assumption made in
the derivation of the method used herein that
the cross power between the gust-velocity com-
ponents may be neglected. By the theory of
isotropic turbulence only the cross power bhetween
the components herein referred to as yawing
gusts and side gusts exists. However, when the
yawing-gust contribution to the motion of the
airplane is small, neglecting this cross power
appears to be justified.

It was also found in part T that the further
simplification of neglecting the contribution of
both rolling and yawing gusts in caleulating the
response in sideslip is justified.

The plots of the ratios of rolling gusts and
vawing gusts to side gusts give a physical picture of
the relative importance of these gust disturbances
at various frequencies. For calculation purposes,
Do o DU o

s | B, |
functions of frequency on log-log paper (figs. 15
and 16) are convenicent, but a plot of this tyvpe
gives a somewhat distorted picture of the true
variations of these quantitics. TFor this reason,
Déyl ana |Ps
By P By
on linear scales are given in figure 17. Frequency
is plotted in terms of the ratio of wing span to gust
wavelength b/x.  These curves show that, for the
small values of 3 (ratios of wing span to scale of

2
the plots of the quantities and

as functions of frequeney

1
plots of l

turbulence) ordinarily  encountered, the ratio

D 1Dy, . .

%‘ or E—B—% falls on a single curve as a function of
g g

b/, excepl at low values of b/x. The curves reach
a peak in the neighborhood of b/A=0.5 to 1.0, as
might be expected on the basis that the spanwise
averaging cffects would become important when
the gust wavelength is shorter than thespan. The
hypothesis, expressed in reference 8, that the gust
gradient measured along the flight path would give
an approximation to the effective spanwise gust
gradient is indicated by the dashed line drawn on
the figure (fig. 17(a)). The agreement in the
trends of the curves with this dashed line shows
that this hypothesis may be a reasonable explana-
Gion of the mechanism of the rolling and yawing
offects of turbulence over an intermediate range of
wavelengths. At shorter wavelengths, the span-
wise averaging causes a decrease in the effects;
whereas at long wavelengths, or low frequencices,
another mechanism apparently comes into play to
increase the rolling and yawing effects. This
mechanism is believed to be the chance encounter
of the wing with rolling and yawing gusts dis-
tributed along the flight path at relatively long
intervals. This effect increases with the ratio of
wing span to scale of turbulence. Possibly this
rosult occurs because a wing of larger span
effectively samples a larger portion of the atmos-
phere and is therefore more likely to encounter
rolling and yawing gusts. This effect might be
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(a) Ratio of the rolling-gust component to the side-gust component.

>

The approximation based on a constant anti-

symmetric gust-veloeity gradient over the wing span is indicated by the dashed line.

Fictre 17.—Ratio of the absolute amplitudes of the rolling- and yawing-gust components to the side-gust component
as a funetion of the ratio of wing span to gust wavelength.

important in explaining increased lateral-control
difficulties of large airplances during landing
approaches in rough air, if it can be shown that the
scale of turbulence deereases at low altitudes.

CONCLUDING REMARKS

By resolving the gust velocities of random iso-
tropic atmospheric turbulence into three compo-
nents alined with the stability axes of an airplane,
the lateral forces and moments on the airplane and
the resulting Iateral motions of the airplune have
been derived.  The method involves the compu-
tation of the statistical forces and moments ex-
perienced by the airplane due to isotropic turbu-
fenee having random variations along the fuselage
and across the wing span.  On the busis of these
gust-induced forees and moments referenced to the
center of gravity of the airplane, the power spectral
response of the atrplane in any lateral degree of
freedom (be it displacement, velocity, or accelera-
tion) may be computed by using the appropriate
transfer functions of the airplane.  Since the gust

velocities, the forces, and the moments are defined
along the flight path in terms of their statistical
average, the resulting motions are defined in terms
of their power spectra, the mean-square value of
the gust velocities, and the scale of atmospherice
turbulence.

By using this method, caleulations have been
made on three airplanes, which differed in size,
experiencing continuous atmospherie turbulence
while in a trimmed condition of low angle of attack.
On the basis of these examples, certain possible
simplifications to the equations have been brought
out. Primary among these are the negligible
effect of horizontal gusts «#, and the minor contri-
bution of side force in computing the motions.
In general, then, the lateral motions at low trimn
angles of attack are due primarily to the ability
of the side gusts r, and vertical gusts we to produce
yawing and rolling moments on the airplanc.

With regard to lateral motions the method used
in part T for considering random variations of the
gust velocities along the fuselage and across the
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TFieure 17.—Concluded.

span is a concept hitherto only approximated with
constant gradients of gust velocity or completely
ignored. Such approximations do not appear to
be justified for gusts having wavelengths shorter
than twice the span or fusclage length of the air-
plane. Although these less comprehiensive meth-
ods correctly predict the trends in the vieinity of
the Dutch roll mode of the airplane, they lead to
the crroncous conclusion that the power spectra
of the lateral motion due to the unsymmetrical
components of the gust across the span (Quw,/Qy
and Ou,/Oy) fall off to zero at wavelengths greater
than the integral scale of the turbulence. The
magnitude of difference between the methods in-
creases with frequency above the Dutceh roll mode
since in this general region of [requencies the
short-period (with respect to the size of the air-
plane) random variations ol gust velocity along

the fuselage and across the span have a predomi-
nant effect on the moments and motions of the
airplane.

In pwrt IT a procedure is presented for caleu-
lating in power-spectral form the Iateral response
of airplanes to random atmospheric turbulence.
By following the tabulated sample ealeulation
procedure, these caleulations may be made in a
routine manner without detailed knowledge of the
derivation of the method. Tt has been verified
that the method of part I and the method of part
IT give identical results. The method of part 1T
requires simpler ealculations and provides a elearer
physical picture of the relations between the var-
jous sources of lateral gust disturbances.

LaxcLEY REsEARCH CENTER,

NATIONAL AKRONAUTICS AND SPACE ADMINISTRATION,
LancLey FiELp, Va., July 23, 1959.



APPENDIX A
PROOF OF POWER SPECTRAL AND CROSS-POWER SPECTRAL RELATIONSHIPS

The physical and theoretical aspects of statis-
tical methods of analyzing dynamic systems (gen-
eralized harmonic analysis) have been treated in
a number of excellent papers.  (Among these are
refs. 13, 14, and 21.) The following definitions
and proofls are purely a mathematical means of
utilizing the statistical concept and should be
treated as useful supplements to the referenced
statistical theory.

Consider the simple equation

n—=1o+"v (A1)

8 v

where n, 8, and » are complex variables and /8
and g/v are complex transfer functions such that

n=R@+idm I,,l ot
55| °
5—R(5)-+11(s) (A2)
D1 prataw
v=RG)+id@) ¥ J

With the use of an asterisk to denote the conjugate
of a complex quantity, it is also true that

* *
e (MY 5 ﬂ,) .
K (5>5 +<v, g
Thus

L R WM AT
= b (o1 ()

By expansion in terms of equations (A2) it may
be scen that

(A3)

(A4)

dv*=(8*)*

10RO

and, in fact,

4 * * *
nin * TN M ok
5 <V> ov [<5> " é V]
Since the sum of a complex number and its con-
jugate is equal to twice the real part, that is,

(A5)

(R+T)+ (R—11)=2R
then the substitution of equation (A5) into equa-
tion (A4) yields
) :I (A6)
14
Tt is equally {rue to write
(7Y 755, |=or [ 7 ﬂ>* *] A7
2R _(5) Ty V}zR [5 (o] @n

so that either form may be used.

Dividing both sides of equation (A6) by 7 and
taking the limit of the statistical variables as 7T
approaches infinity give the form

2

ot =2

limn 1
THw» Y

_-1 ‘ llm .5] -H ‘ l”“ T’ v?

#r[(3)]

where, by the definitions of equations (5) and (6)
of the text, equation (A8) is equivalent to

" lim ,-5* :I (AS)

V Iy T

LR Y )cp+)R[ «bﬁ,] (A9)

o]

I the two variables » and & are statistically
independent, their cross power is zero.  For equa-
tions with more than two variables the process is
identical and, of course, yiclds more terms. For
an equation whose solution is a function of m
there will result m power-spectrum
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terms and Z (n—1) cross-power terms in the

a=1

form of equation (A9), or in the equivalent form

&,+2R [;’ G)* rm] (A10)

based on the identity of equation (A7).

For the cross spectrum between two statistical
variables not appearing in the same equation,
consider the equations

Ini?
b= P
1 Eal

n="0+"1»
8 12
and
=< 5-}—5 v (A1)
] v

where the complex variable ¢ in addition to the
definitions of equation (A2), is defined by
e=R(e)+il(e) (A12)

Multiplying equation (A3) by equation (A11) gives

* * * *
7%e —:<1'7> < 6*5—|—<E> < V*V‘I-(n) 55*1'—{-(27-) Zy*
6/ & v/ v o/ v v/ 0

(A13)
where the identity

(5, vﬁ V—[é " ov

may be proved by the use of equations (A2) and

(A14)
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(A11), so that

e g s [ 5]
(A15)

Dividing both sides by T and taking the limit of
the statistically dependent variables as 7 ap-
prouaches infinity yield

— — 1si2 2
tim gore(3) 5 Jm i+ () dm b

+2R l:( ) }gx; 1/*6] (A16)

By the definition of equations (5) and (6) of the
text, equation (A16) becomes

q:h:(g)*g @5+<’%>* £ 5,+2R [(1:)* : %] (A17)

where again the identity

; 7\* e . 7 [ e\*
2w [() om0 G) o]

may be used in equation (A17) when desired.  As
before, ®,,=5;,=0 where » and § are statisti-
cally independent; but, in general, where the two
equations are both functions of m variables, there

will result m power-densily terms and Z (n—1)

n=1

cross-power terms.

05 A A



APPENDIX B

RELATIONSHIP BETWEEN POWER SPECTRA OFJAIRPLANE FORCES AND MOMENTS AND
POWER SPECTRA OF GUST VELOCITIES

Consider the system defined by equation (2) of
the text, which is rewritten here for convenience
in the matrix form

{CJ} =[a,n] {U,,,} (B1)
where C; is a forece or moment coeflicient <, 0,
or y) and a,, is a transfer function relating C,
to . The gust velocities uy, uy, and wu, (u,, where
m=1, 2, or 3) arc the three orthogonal velocity
components of isotropic¢ turbulence, and the cross
power between any two components is zero; that
s,

q)uluz:@ugu;,:@u;;ul:o (BQ)

In the power-speetral domain (see appendix A)
the first equation of the system is defined by

(I)C]:[aul%ul—%—ja‘”!?@uﬁIa,gé%us
+2R(an*a,sz,,l,,2+a,2*a13<l>u2u3+alg*a,1¢>u3ul)
(B3)
All the cross-power terms of cquation (B3) are

zero.  The other equations yield similar results;
therefore, the system is defined by

(%} =llamlT{ P}

which is the result given by equation (9) of the
text.

(B4)

Now consider the cross-power terms of the C; matrix, where, for instance,

.1
‘I’CI(:2 = lyl*inm T C*Cy

oiras *r 3
=lim Za’llnum Z Qom U,
m=1

TAOOT m=1

13 3
:]“n Tz a’lm*u‘m *Z Ay Uy,
Towlm=1 m=1

L] 3 . . .
zhmT 20 @@ Un* Uy 6 Cross-power terms involving u,*u,, u,*uy, and so forth (B3)
m=1

Tow

In the limit, then

3
— *
Peyoy= Zlaflm A
m=

3
= Zalm*a2m¢'um
m=1

where by definition

.1 . 1
(I)um:ITILn ‘wum*um:llnl T Ium]‘z

o1

.1
lim =, *u,,+0
T—)m]

(B6)

(B7)

T-y

A similar derivation for the other two €ross-power combinations yields similar results; therefore, in
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general,

{¢CJ(‘A_}: {a’jm*akm] {q) "m} (j # A) (Bgﬂ)

where €, is also a force or moment coefficient and
Qe 15 & transfer function relating Cy to U, and

(@ e =l aml* [Pa,,} (j=k  (B8b)

Equation (BSb) is seen to be identical to equation
(B4). Tn expanded form, for the case considered

In the terms of equation (2) of the text, this result
is cquivalent to equation (10) of the text. TFur-
{hermore, other equally correet arrangements are
possible, since

{qDCij}: {Q)Cj*ck} (B 1 Oil)
{(I)Cij}: [ajmakm,*] {q)um} (.7 #= k) (B lUb)

{(I)CI:C]}: HaﬁﬂP] {(I)um (j: k) (B 10(,‘)

P e, a*a, @)%y as*ayn| q)ug
oo, =] ¥, Qas¥ sz 't P P, Equation (B10c¢) is identical to equations (B4)
and (B8L).
L Peye, g 3"z gy Doy
(B9)
APPENDIX C

FREQUENCY-DEPENDENT STABILITY DERIVATIVES DUE TO SIDE GUSTS

All derivatives are referred to the center of
gravity of the airplane. The coefficient of rolling
moment due to side gusts on the wing and vertical
tuil is given by

h a A
[ (@) wr= (015)$V+(01'H>T5 1+273>€_1(,_U-)
(1))

The cocfficients of side force and yawing moment
due to side gusts along the fuselage and vertical
tail (see ref. 11) are expressed by

27 2»\'02

[Cry(@er="g 3 T (1 (1R e™]

'Ql_“ﬂ 2 —”"1— Y A ;4”( :
+(kz——k:) [e=1— (1= kit iko)e 2]} (€2)

__Ip 2
=498

2 . . oy .
[Cus (w)]”:b%' e [ (2o— iko™+12) gfo—12]

. e — )2
+(-sz le('él Su) [(ka—kl-—i?—’ik‘llﬁzﬁ—;kzz)ﬁ*ik‘l

(S
—(A-,—iz)e-m]} (C3)

WX,

=T

where

k (n=0,1,2)

and where 7y, 21, T2, S, and s, are the profile dimen-
sions of the fuselage and vertical tuil. These

profile dimensions, as given in the derivation in
reference 11, are illustrated in the following sketch:

A R

The fuselage is an cllipse truncated at the center
ol gravity, 2s, being the length of the minor axis
and 21, being the length of the major axis. The
vertieal tail is a right triangle of base x.—x and
height s;—so.

At w=0, equations (C1), (C2), and (C3)
beeome, respectively,

[y (0=0)]y p= (i) (Cig)7 (C4)

[Cryle=0)], == 28"+ (s—sa] (€9)

2 1\
[ﬂrra(wzo)]p~7-:§érb — 2570+ (s51— So)?<'!'~.>+ 2)]
(C6)

These quantities should be made numerically
cqual to the steady-state stability derivatives as
obtained from flight-test measurements or more
exact theories by suitably adjusting the dimen-
sions of the assumed luselage-tail profile.



APPENDIX D

TWO EQUIVALENT WAYS OF EXPRESSING THE POWER SPECTRAL RELATIONSHIP
BETWEEN GUSTS AND AIRPLANE MOTIONS

The statement is made in the main text that,
m the derivation of the power spectral relution-
ships between the airplane motions and the gust-
velocity inputs, the same result is obtained whether
the matrix relationships are treated in the form

A7 (@) @) (D)

or in the form

AT (W) (D2)
In the former case, cross-power terms between the
clements of the matrices (i.c., between the mo-
ments and forces on the airplane due to each gust
component acting on the various parts of the air-
plane simultancously) will appear, whereas in the
latter case, these quantities do not appear explicitly
but are taken into account when the matrices
are first multiplied together. The former ap-
proach is used in the method of reference 1; the
latter and simpler approach is used in the method
of this paper. In order to show the equivalence
of the two approaches it is necessary only to prove
equality between equations (D1) and (D2), that
is, that the square of the absolute value of the
procduct of two matrices is equal {o the product
of the squares of their absolute values. Since
matrix equations may be treated as linear alge-
braic quantities, the matrix equality defined in
the main text

[A@] G ()] =[a"'G(w)] (D3)
will be denoted by the complex quantities
AB=C (D4)

The complex conjugate of this equality may be
shown to be

A*B*=(C* (D5)

Multiplying equations (D4) and (D5) yields
ABB*=CC*
which is equivalent to

[APIB]*=C}?
Hence,

|a=1w) |? |G(@) P=]a"1G(w)}? (D6)
where the clements of these matrices are likewise
complex quantities.

Insight into the difference between the two
approaches may be shown by considering one
clement of the [A“‘(Ur'] matrix. Expanding equa-
tion (D3) by means of equations (78) and (80)
of the main text gives

(1

BN
2((71))157
6 ¢ 6|1 ¢
El o A TGN o4

S

or, in its expanded form,
1 ¢ 1 ® TV~
=3 (Co)w Fl+§ (Cnp)W(j; (D7)
If the real and imaginary parts of equation (D7)

are grouped, then the absolute value squared of
equation (D7) becomes

~{(r[3 @om i ]}
{1t ]} o9
57
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A different form involving cross-power terms may be obtained by writing the conjugate of

equation (D7)
o 1, $\F 1 ¢ \*
Ta, 2 (()w (C_) 5 (Cn)w (z;) (D9)

and obtaining the produet of equations (D7) and (D9):

5 (Y et (G s (G Hen e FE @) ] o

d’ ¢ ** 9— * di kd

Cy (Fz) ‘[(Q) c',]
AW EXEA T X EAY
-(—'l Z‘;> +[(—vl (zln) ] -—ZR [(‘l <(Yn> :I

equation (D10) may be written in the form

O R O (e (&)1 (D11)

Since

and

¢ 1® 1 ;
ol =3 )

1 *7 . . .
The term 2R [4— (C’,F)W (Cnp)w 7¢, ( (d:,;) :] is the cross-power term between the rolling and yawing

moments on the wing, and had the coefficient ('), mot been zero two other cross-power terms
would have appeared.

The expressions of equations (D8) and (D11) are equivalent.  Either form may be used, but,
for the purposes of part IT of this report, equation (DS) is more useful and the illustrative tabulation
process has been set up on this basis.
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